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triailel mating design 

Summary. The simple mating designs provide unbiased 
estimates for genetic components of variance (additive 
genetic variance and dominance variance) under the as- 
sumption of no epistatic effect. There is empirical evi- 
dence, however, that suggests the existence of epistatic 
gene effects. The trialM and double cross mating designs 
permit the estimation of epistatic gene effects. A systemat- 
ic and mathematical approach is suggested for the esti- 
mation of variance components based on the alternate 
model for triallel mating design. 
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ic components 

Introduction 

There are two types of designs involved in any breeding 
experiment, mating design and experimental or environ- 
mental design. The systematic manner in which progenies 
are developed and used in the breeding experiment is 
known as the mating design; for example, dialM and 
triallel mating designs. The manner in which progenies 
are evaluated in environments is known as an experimen- 
tal design; for example, completely randomized design 
and randomized complete block design. Cockerham 
(1961) emphasized that one should be judicious in the 
choice of mating design and the experimental design to be 
used. The type and nature of information obtained from 
the breeding experiment depend on the mating and ex- 
perimental design adopted, the precision of the estimates, 
and the validity of the tests of hypotheses. The design 
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components of variance are estimated based on the linear 
model adopted. The genetic components of variance are 
obtained on the basis of the relationship between the 
design and genetic components using the concept of 
covariance between the relatives under certain broad ge- 
netic assumptions. Also, a statistical test for the design 
components serves as a test for genetic hypotheses of 
relevance. 

The simple diallel mating designs provide unbiased 
estimators for additive variance aJ and dominance vari- 
ance @ only under the assumption that the epistatic 
effects are absent. If the assumption fails, then the esti- 
mates would be biased and inferences would not be valid. 
There is sufficient empirical evidence available in the lit- 
erature to show that the above assumption is an illusory 
one. Hence, the development of mating designs that could 
estimate the epistatic gene effects would provide not only 
unbiased estimators for a 2 and cr~ but also for the epistat- 
ic components of variance. The higher order triaUel and 
double cross mating designs introduced by Rawlings and 
Cockerham (1962a, b) provide unbiased estimators for 
the genetic components of variance ( 4 ,  4 ,  a~A, a.~O, and 
a~D) and only one of the second order epistatic compo- 
nents (Cr~AA, aAZaD, O~DD, and O2DD). Hinkelmann (1965) 
suggested an alternative model, and Ponnuswamy (1971) 
developed the analysis based on the alternative model. In 
this paper, the concept of trialM crosses is first intro- 
duced before describing the model and analysis of triallel 
mating design. 

A cross betweeen an F 1 hybrid (AB) involving the 
distinct lines A and B and unrelated line C is the three- 
way hybrid (or three-way cross) (AB)C, where A and B 
are the grand-parents (or half-parents) and the unrelated 
line C is the parent. In the absence of reciprocal effects 
and maternal-paternal interactions, the crosses (AB)C 
and (BA)C would represent the same three-way hybrid. 
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The triallel mating design can be defined as a set of all 
possible three-way hybrids based on a given set of lines 
constituting the triallel crosses. If p is the number of lines 
in the triallel crosses, there would be P = p (p - 1) ( p -  2)/2 
distinct three-way crosses�9 Each line will occur in 
rH= ( p - l ) ( p - 2 )  three-way crosses as a grand-parent 
and in r e = ( p -  1) (p - 2)/2 three-way crosses as a parent�9 
Similarly, each pair of lines will occur in r d = (p-2)  three- 
way crosses with both as grand-parents and in r~ = ( p -  2) 
three-way crosses with one as a grand-parent and the 
other as a parent�9 

There are two basic models available for the triaUel 
mating design. The Rawlings and Cockerham (1962a) 
model is an orthogonal model, whereas the Hinkelmann 
(1965) model is a nonorthogonal model�9 Simulation stud- 
ies conducted by Radhakrishnan (1981) and Pon- 
nuswamy and Srinivasan (1988) have shown that the 
Hinkelmann (1965) model of ten design components of 
variance is a more reasonable model to study the specific 
nature of gene effects. There exist, however, many possi- 
ble candidates as the estimates of design components of 
variance for the Hinkelmann (1965) model because it is a 
nonorthogonal model�9 Ponnuswamy (1971) has present- 
ed one such choice. 

There are several methods available for the estima- 
tion of variance components from the analysis of variance 
(ANOVA), including maximum likelihood (ML), restrict- 
ed maximum likelihood (REML), minimum norm 
quadratic unbiased estimation (MINQUE), and modified 
symmetric sum (MSS). The methods involve large cor- 
puses of matrix algebra, numerical and computing prob- 
lems like the inversion of large-order matrices, and the 
solving of the relevant non-linear equations subject to 
certain constraints. The complexity of using any of the 
methods would be unimaginable when considering a ten- 
component triallel model with nonorthogonal data, as 
there exists no unified theory of the estimation of vari- 
ance components based on linear models�9 

Seely (1969) considered some general results on the 
estimation in finite dimensional linear spaces wherein he 
treated the quadratic unbiased estimation in mixed linear 
model as a special case�9 The general mixed model with 
linear structure is 

Y=X~+ Z utah, O) 
i=l 

where Y is a n • 1 vector of observations, X is a n • p 
matrix of known constants, and e~ are q~ x 1 vectors of 
random variables with 

E(~,) = O; Var(e,)=C,(r 2, (2) 

where C/s are q, • q~ matrices of known constants and 
E(e~ej) = 0 for i#j.  From model (1) it follows, 

P 
E(Y) =Xf l  = Z X, fli, 

i=1 

and 

Var(Y)= Z U,C,U/a,2= ~ V~#. (3) 
i=l i=i 

By denoting W = YY', 
P P 

E(W) = Z Z BuOij+ ~ Vi ~2, (4) 
i=1 i=1 i=1 

where Bij--X~Xj +XjX; ;  iv~j; Bu=X~X[;  O=fliflj; 
and M = p(p + 1)/2+m. Following the general idea of 
the usual least squares normal equations (X' X ~ = X '  Y), 
Seely (1969) arrived at the equation 

H * H O = H *  W, (5) 

where, H* is the adjoint of H. These equations can be 
expressed as an M x M system of equations with 

.(Bll,.B11) �9 (Bll, Bpp) (Bll, VI)... (Bll, Vm) 

(Bpp~ Bll) . . .  (Bpp, Bpp) (Bpp, Vl) ... (Bpp, Vm) 
tl*H= (V..B.) ... (VIBp.) (V..VO ... (V..Vm) 

(V,,,BIO ... (Vm,Bpp) (Vm, 1/1) ... (V,,, V,,) 

(H* W) '=  ((Bll, YY') ... (Bpp, YY') (V~, YY') ... (V,,, YY')) 

and 0 = [011 ... 0pp a ( . . .  a~]'. It should be noted that in 
the above matrices the elements of the form (A, B) repre- 
sent the trace of (AB). Yuan (1977), motivated by the 
works of Seely (1969) and Koch (1967, 1968), has parti- 
tioned 

E(W) =HO =H 1 01 + H  2 02, (6) 

P P 
w he re  H 101  = Z Z BijOu, and H202  = ~ V/a 2, to fa- 

i=lj=i i=I 

cilitate the estimation of variance components. Yuan 
(1977) obtained the least square estimate HOor HO as an 
orthogonal projection of YY'  on the range space of H 
and has given the explicit form of the projection. The 
present paper deals with the estimation of variance com- 
ponents based on Hinkelmann's triallel model by adopt- 
ing the general approach outlined by Seely (1969) and 
Yuan (1977). 

TrialM model 

Hinkelmann (1965) proposed the following linear model 
for the triallel crosses to estimate the variance compo- 
nents: 

Yukz=kt+hi+hj+gk+dij+Sik+Sjk+tUk+rt+eljkt, (7) 

where YUk~ is the yield of the three-way cross (i j )k of the 
/-th replicate, p is the general mean, r t is the/-th replicate 
effect, h~ and h~ are the general line effect of the grand-par- 
ents i and j, gk is the general line effect of the line k as 
parent, d u is the two-line specific effect of the grand- 
parental lines i and j, s~ and sjk are the two-line specific 



effect of the grand-parental lines i and j and parental line 
k, tu ,  is the three-line specific effect of the grand-parental 
lines i and j and the parental line k, and e u k~ is the error 
associated with (i j) k cross in the/-th replicate. The gener- 
al mean and the replicate effects are fixed effects, and the 
family of random variables h~, gi, d u, S~k, and tij k a r e  

expected to have zero means and the following variance- 
covariance structure: 

2 E(h 2) = 0.2, E(92) = 0., 

E (gi h i) = aoa, E (d 2) = 0.~ 

E (dus~ ; ) = E (sudu) = 0..~.. E (s~) -- 0.~ ~ 
E (sUsj,) = 0.~,, E (t2 k ) = 0.2 

E(tr 2 - -  2 tjkl) = 0.t, E (eUkz) - 0.~ (8) 

and all other covariances are zero. The ten components 
of variances and covariances are designated as design 
components of variance. The triallel crosses are super- 
imposed on a completely randomized design with each 
cross replicated r times constituting the breeding experi- 
ment. However, the crosses can be evaluated in random- 
ized complete block (RBD), latin square design (LSD), 
and incomplete block designs. 

Estimation of design components of variance 

The triallel model (7) can be rewritten in the matrix nota- 
tion as: 

Y = l n # W Z  1 R +  U 1 H +  UzG+ U3D+ U 4 S  1 

+ U s S z +  U6L t + U7L 2 + UsL 3 + U 9 ~,, (9) 

where Y is a n x I vector of observations, n = P  x r, 1, is 
a n x 1 vector of unit elements, Z~is a n x I matrix of 
binary elements 0 or 1, depending on the replicates, R is 
the corresponding I x 1 vector of replicates effects, and U 1 
is the model matrix corresponding to the vector H, of 
random variables hg. The matrix U 1 is of the order n x p, 
with elements either 0 or 1 depending on the configura- 
tion of the grand-parental lines; U 2 is the model matrix 
corresponding to the vector (7, of random variables gg, 
and is of the same order as U1, but the elements depend 
on the configuration of the parental lines; U 3 is the model 
matrix of order n x q with elements again 0 or 1, q = 
ppa/2, depending on the configuration of the grand- 
parental lines i and j; and D is the corresponding vector 
of random variables dij. U 4 and U 5 are also model ma- 
trices corresponding to the vectors St, of random vari- 
ables su, and $2, of random variables sji, respectively, 
having the same order as U3, but the configuration de- 
pends on the grand-parental line i (or j) and parental line 
j (or i), where j is less than i. U6, UT, and U s are the 
matrices of the same order n x P/3 with elements depend- 
ing on the configuration of the grand-parental lines (i,j), 
(i, k), and (j, k) and with parental lines k, j, and i, respec- 
tively. L~, L 2 ,  and L 3 are the vectors of order P/3 x 1 
with random variables tUk, t,k~, and tj,~, respectively; 
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and U 9 is the identity matrix of order n, with e the corre- 
sponding n x I vector of error variables. 

E ( W )  = E ( Y Y ' )  = Z 00' Z '  + U~ U~ 0.2 + U2 U; 0.2 

+ (v~ u; + u2 u;) %h + o3 u; 0.) 
+ (v, u;  + u5 v;) 0.~ + (u3 u;  + u ,  u;  + u5 u; 
+ u3 v;)%+(u,v;+ 05 u~)% 
+ (06 u; + u7 u~ + us v~) 0.3 + (u6 v~ + u7 v~ 
+ 06 v~ + 08 u; + 07 of + u8 u6) 0.~, + u9 u; 0.~ 

(lo) 

+v60..+v70.~+vs0.?+v~.+V~o0.~. (11) 
Equation (11) adheres to the Yuan (1977) specification for 
the estimation of variance components based on the trial- 
lel model (7). The structure of Vi's; i = 1 . . . . .  10, can be 
obtained in the case of the triallel model. Also Seely's 
(1969) condition for the estimability is satisfied in the case 
of the triallel model for the estimation of the ten design 
components of variance. The estimating equation for ob- 
taining the variance components based on the trialM 
model is thus given by 

H~ T2 H2 fl = H* T2 W, (12) 

wherein fl = [0.2 0.2 0.oh a~ 2 0.2 0.a~ 0.~ 0.2 % 4 1 ' ,  and the 
matrix of H~ TzH 2 for the triallel model is a 10x 10 
matrix with the (i,j)-th element as 

(V~,Vj-QVjQ); i = 1 , 2  . . . . .  10 and j = l ,  2 . . . . .  10. 

Similarly, the 10 x I vector H~ T 2 W for the triallel model 
with the i-th element is 

( V ~ , W - Q W Q ) ;  i = 1 , 2  . . . . .  10. 

The orthogonal projection matrix Q in the case of the 
triallel model is given by 

[J~o . . . .  o) 1[0 d v O  . . . 0 
Q = Z ( Z ' Z ) - Z ' = D i a g ( J v / P ) = - p \ ;  ; ! ! ! ; j p  

where Jp is a matrix of order P x P with unit elements. 
Since the structure of the matrices V~; i = 1, 2 . . . .  ,10 are 
known in terms of U~; i = 1, 2 . . . . .  9, the elements of the 
10 x 10 symmetric matrix H~ T 2 H 2 c a n  be obtained ex- 
plicitly in terms of the number of lines p and replications 
r using the trace properties of the matrix. For  example, 
the (1,1)-th element of the matrix can be obtained as 
follows: 

(V 1, V 1 - Q v 1 Q) = Trace (V 1 V1) - -  Trace (V 1 Q V 1 Q) 

=Trace  [U 1 U; U 1 U~] 
-- Trace [U~ U~ D (Jp/P) U~ U; D (Jp/V)] 

=Trace  [Us U 1 U~U1] 

--Trace [U~ D (Jp/P) U 1 U~ D (Jp/n) U~] 
2 2 2 2 =P P lP2r  - 4 p  2p2r  2 
2 4- r 2 .  = P l  P2 
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7 In the above derivation, p~ and P2 denote the ( p -  1) and 
( p - 2 )  number  of lines, respectively. In  general, p~ denotes 
( p - i )  number  of lines in a t r ia lM mat ing design. The 
other elements of the 10 x 10 symmetric matr ix  H* T 2 H 2 
can similarly be obtained in terms of p and r. 

The vector H* T 2 W can also be obtained by adopt ing 
the same procedure  as described above for obtaining the 
elements of H* T 2 H 2. F o r  example, the first element of 
the vector can be derived as follows: 

( V 1, W -  Q WQ) = Trace (V 1 W) - Trace ( V 1 Q W Q) 
= Trace [U 1 U~ YY'] 

- Trace [U~ U; D (Je/P) YY'D (Jp/P)] 
= Trace [U~ YY'U1] 

- Trace [U; D (JJP) YY'D (Jp/P) U~] 
P 

= ~ Yiiz. . .-2plperCf 
i = 1  

where CF is the correction factor. Thus, the explicit form 
of the vector H* T2 W in terms of observations Y, the 
number  of lines p, and the number  of replications is: 

H~ T 2 H 2 = 
P 

52 Y~2...-2pl pzrCF 
/ = 1  

P 
52 y. 2i. Pl P2 r CF 

i = 1  2 

P 

52 Y~...Y..i.-Pl P2 rCF 
i = 1  

P 

52 Yi 2. - p 2 r C F  
i , j = 1  

P P 
�9 . •2. _ 2 p 2 r C F  5 2  Y i 2 j - ~ -  5 2  j . t .  

i , j = l  i , j = l  

2 Yii..+ ~2 Yji Yij - 2 p 2 r C F  
i, 1 Y i ' j  . . . . .  i , j = l  

2 Yi.j. Y j . i . -p2rCF 
i, 1 

2 Z 2 Z Z g  -rCF 
i , j , k  = l i , j . k  = l i , j , k  = l 

[ i , j , k = l  " " i , j , k = l  " i , j , k = l  

k y2 
P k I = l  2 

Y i j k l  - -  
i , j , k = l  I = 1  P 

Thus, for a given number  of lines and replications, the ten 
design components  of variance may  be obtained directly 
using the explicitly obtained 10 x 10 matr ix  H~ T2 H2 and 
the 10 x 1 vector H* T z W for the t r ia lM data  based on 
Hinkelmann 's  model. However,  it is the genetic compo-  
nents of variance which are of interest to the breeder in 
his s tudy on the nature of gene effects. Under  certain 
b road  genetic assumptions and when a proper  genetic 
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model is considered the genetic components of variance 
are obtained using the established relationship between 
the design and genetic components of variance. The esti- 
mation of genetic components in the case of the trialM 
model is discussed in the following section. Ponnuswamy 
and Srinivasan (1988), from their limited simulation 
study, observed that Seely's method was quite sensitive in 
analyzing the triallel model. 

Estimation of genetic components of variance 

Cockerham (1961) determined the relationship between 
the design and genetic components of variance for triallel 
crosses. Ponnuswamy (1971) determined the relationship 
between the design and genetic components based on the 
Hinkelmann's model through covariance between rela- 
tives. The open genetic model for arbitrary number ofloci 
is given by: 

... (13) 

To obtain unbiased estimators for genetic components of 
variance, Ponnuswamy (1971), Radhakrishnan (1981), 
and Srinivasan (1986) considered a restricted model: 

a2 = aj + a2 + aJA + (r2o + a2D . (14) 

This model will be a closed model if the number of loci 
involved is only two or the higher order epistatic compo- 
nents are assumed to be negligible. If an arbitrary number 
of loci are involved and the higher order epistatic compo- 
nents are not negligible, the estimators will be biased. 
Hence, we restricted our attention to the closed model for 
the estimation of variance components based on trialM 
crosses. Ponnuswamy (1971) presented the explicit rela- 
tionship between the design and genetic components of 
variance when the number of loci involved is exactly two. 
The five genetic components of variance, using the meth- 
od of least squares, are: 

1 
a 2 = 206F z [4401h2+812+588%2h--292aff--584aj 

4 - 2061F 2 I416ah2+352a2+496%h_336(r2_632a,~ 

1648 %2 + 4120 ] 3  ~ - a s s  -~-ff2 Ic r~-31  ]att 

1 
aJa--  206F2 [ -  8321~ + 7041~ - 9921oh + 67212 

-134411~] 

32 
aiD= 3F 3 [a~-a~+ 2a, l 

1 
12o- 3F,~[-16~+16as~+244-32att].  (15) 

Thus, the ten design components of variance obtained, 
using the Seely (1969) method, can be used directly to 
obtain the five genetic components (additive, dominance, 
additive x additive, additive • dominance, and domi- 
nance x dominance) for the Hinkelmann's nonorthogo- 
nal triallel model. 
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